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LEVEL ZERO FUNDAMENTAL REPRESENTATIONS OVER
QUANTIZED AFFINE ALGEBRAS AND DEMAZURE MODULES
MASAKI KASHIWARA
Abstract. Let W (̟k) be the finite-dimensional irreducible module over a quantized
affine algebra U ′q(g) with the fundamental weight ̟k as an extremal weight. We show
that its crystal B(W (̟k)) is isomorphic to the Demazure crystal B
−(−Λ0 +̟k). This
is derived from the following general result: for a dominant integral weight λ and an
integral weight µ, there exists a unique homomorphism Uq(g)(uλ⊗ uµ)→ V (λ+µ) that
sends uλ ⊗ uµ to uλ+µ. Here V (λ) is the extremal weight module with λ as an extremal
weight, and uλ ∈ V (λ) is the extremal weight vector of weight λ.
1. introduction
The finite-dimensional representations of quantized affine algebras U ′q(g) are extensively
studied in connection with exactly solvable models. It is expected that there exists a
“good” finite-dimensional U ′q(g)-module W (m̟k) with a multiple m̟k of a fundamental
weight ̟k as an extremal weight. This module is good in the sense that it is irreducible
and it has a crystal base and moreover a global basis.
In the untwisted case, its conjectural character formula is given by Kirillov–Reshetikhin
([17], see also [16]), and its conjectural fusion construction is given by Kuniba–Nakanishi–
Suzuki ([18]). It is proved by Nakajima ([22]) that the fusion construction gives irreducible
modules with the expected character in the simply laced case, and by Chari ([3]) in some
cases.
It is also expected that any “good” finite-dimensional U ′q(g)-module is a tensor product
of modules of the above type.
It is also conjectured in [4, 5] that the U ′q(g)-modules W (m̟k) has a perfect crystal of
level ℓ if and only if m = ℓc∨k ( c
∨
k := max(1, 2/(αk, αk))). Moreover it is conjectured that
the crystal base B(W (ℓc∨k̟k)) is isomorphic to the Demazure crystal B
−(−ℓΛ0 + ℓc
∨
k̟k)
if we forget the 0-arrows. Here, for an integral weight λ, B±(λ) denotes the crystal for
the U±q (g)-module generated by the extremal vector with weight λ. They are proved in
certain cases ([7, 8]). More general relations of perfect crystals and Demazure crystals are
discussed in [6].
In this paper we show that B(W (̟k)) is isomorphic to the Demazure crystal B
−(−Λ0+
̟k), or equivalently B(W (−̟k)) is isomorphic to the Demazure crystal B
+(Λ0 − ̟k)
(Corollary 4.8).
The main ingredient is the following theorem, which the author started to study in
order to answer a question raised by Miwa et al:
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Theorem 3.3. Let Uq(g) be a quantized affine algebra. Let λ ∈ P
+ be a dominant
integral weight and µ ∈ P an integral weight. Then there exists a unique homomorphism
V (λ)⊗ V (µ) ⊃ Uq(g)(uλ⊗ uµ) −−−→ V (λ+ µ) that sends uλ⊗ uµ to uλ+µ. Moreover this
morphism is compatible with global bases.
Here V (λ) is the extremal weight module with λ as an extremal weight, and uλ ∈ V (λ)
is the extremal weight vector of weight λ.
Acknowledgment The author thanks B. Feigin, M. Jimbo, T. Miwa, E. Mukhin, Y.
Takeyama, and M. Okado for helpful discussions.
2. Review on crystal bases and global bases
In this section, we shall review briefly the quantized universal enveloping algebras and
crystal bases. We refer the reader to [9, 10, 13, 14, 15, 19].
2.1. Quantized universal enveloping algebras. We shall define the quantized uni-
versal enveloping algebra Uq(g). Assume that we are given the following data.
P : a free Z-module (called a weight lattice),
I : an index set (for simple roots),
αi ∈ P for i ∈ I (called a simple root),
hi ∈ P
∗ := HomZ(P,Z) (called a simple coroot),
( · , · ) : P × P → Q a bilinear symmetric form.
We shall denote by 〈 · , · 〉 : P ∗ × P → Z the canonical pairing.
The data above are assumed to satisfy the following axioms.
(αi, αi) > 0 for any i ∈ I,
(αi, αj) 6 0 for any i, j ∈ I with i 6= j,
〈hi, λ〉 =
2(αi, λ)
(αi, αi)
for any i ∈ I and λ ∈ P .
(2.1)
Let us take a positive integer d such that (αi, αi)/2 ∈ Z d
−1 for any i ∈ I. Now let q
be an indeterminate and set
K = Q(qs) where qs = q
1/d.(2.2)
We define its subrings A0, A∞ and A as follows.
A0 = {f/g ; f, g ∈ Q[qs], g(0) 6= 0} ,
A∞ = {f/g ; f, g ∈ Q[qs
−1], g(0) 6= 0} ,
A = Q[qs, qs
−1].
(2.3)
Definition 2.1. The quantized universal enveloping algebra Uq(g) is the algebra over K
generated by the symbols ei, fi (i ∈ I) and q(h) (h ∈ d
−1P ∗) with the following defining
relations.
(1) q(h1)q(h2) = q(h1 + h2) for h1, h2 ∈ d
−1P ∗, and q(h) = 1 for h = 0.
(2) q(h)ei q(h)
−1 = q〈h,αi〉 ei and q(h)fi q(h)
−1 = q−〈h,αi〉fi for any i ∈ I and h ∈
d−1P ∗.
(3) [ei, fj ] = δij
ti − t
−1
i
qi − q
−1
i
for i, j ∈ I. Here qi = q
(αi,αi)/2 and ti = q(
(αi,αi)
2
hi).
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(4) (Serre relation) For i 6= j,
b∑
k=0
(−1)ke
(k)
i eje
(b−k)
i =
b∑
k=0
(−1)kf
(k)
i fjf
(b−k)
i = 0.
Here b = 1− 〈hi, αj〉 and
e
(k)
i = e
k
i /[k]i! , f
(k)
i = f
k
i /[k]i! ,
[k]i = (q
k
i − q
−k
i )/(qi − q
−1
i ) , [k]i! = [1]i · · · [k]i .
For i ∈ I, we denote by Uq(g)i the subalgebra of Uq(g) generated by ei, fi and q(h)
(h ∈ d−1P ∗).
Let us denote by W the Weyl group, the subgroup of GL(P ) generated by the simple
reflections si: si(λ) = λ− 〈hi, λ〉αi.
Let ∆ ⊂ Q :=
∑
i Zαi be the set of roots. Let ∆
± := ∆∩Q± be the set of positive and
negative roots, respectively. Here Q± :=±
∑
i Z>0αi. Let ∆
re be the set of real roots, and
set ∆re± := ∆± ∩∆
re.
2.2. Braid group action on integrable modules. The q-analogue of the action of the
Weyl group is introduced in [19, 23]. We define a q-analog of the exponential function by
expq(x) =
∞∑
n=0
qn(n−1)/2xn
[n]!
.(2.4)
This satisfies the following equations:
expq(x) expq(y) = expq(x+ y) if xy = q
2yx,
expq(x) expq−1(y) =
∑∞
n=0
1
[n]!
∏n−1
ν=0(q
νx+ q−νy) if [x, y] = 0,
expq(x) expq−1(−x) = 1,
expq(x) =
(
1 + (1− q2)x
)
expq(q
2x),
expq(x) =
∏∞
n=0
(
1 + q2n(1− q2)x
)
for |q| < 1,
(2.5)
For i ∈ I, we set
Si = expq−1i (q
−1
i eit
−1
i ) expq−1i (−fi) expq
−1
i
(qieiti) q
hi(hi+1)/2
i
= expq−1i
(−q−1i fiti) expq−1i (ei) expq
−1
i
(−qifit
−1
i ) q
hi(hi+1)/2
i .
(2.6)
We regard Si as an endomorphism of integrable Uq(g)-modules, and q
hi(hi+1)/2
i acts on the
weight space of weight λ by the multiplication of q
〈hi,λ〉(〈hi,λ〉+1)/2
i .
On the (l + 1)-dimensional irreducible representation of Uq(g)i with a highest weight
vector u
(l)
0 and u
(l)
k = f
(k)
i u
(l)
0 ,
Si(u
(l)
k ) = (−1)
l−kq
(l−k)(k+1)
i u
(l)
l−k,(2.7)
Hence, Si sends the weight space of weight λ to the weight space of weight siλ. By the
above formula, we have
Siu
(l)
l = u
(l)
0 and Siu
(l)
0 = (−qi)
lu
(l)
l .(2.8)
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Since {Si} satisfies the braid relations, we can extend the actions of Si on integrable
modules to the action of the braid group by
Sww′ = Sw ◦ Sw′ if l(ww
′) = l(w) + l(w′),
Ssi = Si .
2.3. Braid group action on Uq(g). We define the ring automorphism Ti of Uq(g) by
Ti(q) = q(2.9)
Ti(q(h)) = q(sih),(2.10)
Ti(ei) = −fiti,(2.11)
Ti(fi) = −t
−1
i ei,(2.12)
Ti(ej) =
−〈hi,αj〉∑
k=0
(−1)kq−ki e
(−〈hi,αj〉−k)
i eje
(k)
i ,(2.13)
Ti(fj) =
−〈hi,αj〉∑
k=0
(−1)kqki f
(k)
i fjf
(−〈hi,αj〉−k)
i for i 6= j.(2.14)
Then it is well-defined, and it satisfies
Ti(P )u = SiPS
−1
i u(2.15)
for any P ∈ Uq(g) and any element u of an integrable Uq(g)-module.
The operator Ti is invertible and its inverse is given as follows.
T−1i (q(h)) = q(sih),(2.16)
T−1i (ei) = −t
−1
i fi,(2.17)
T−1i (fi) = −eiti,(2.18)
T−1i (ej) =
−〈hi,αj〉∑
k=0
(−1)kq−ki e
(k)
i eje
(−〈hi,αj〉−k)
i ,(2.19)
T−1i (fj) =
−〈hi,αj〉∑
k=0
(−1)kqki f
(−〈hi,αj〉−k)
i fjf
(k)
i .(2.20)
We can extend the action Ti to the action of the braid group by
Tww′ = Tw ◦ Tw′ if l(ww
′) = l(w) + l(w′),
Tsi = Ti .
The following proposition is proved in [19].
Proposition 2.2. For w ∈ W and i, j ∈ I such that wαi = αj, we have
Twei = T
−1
w−1ei = ej and Twfi = T
−1
w−1fi = fj .
2.4. Crystals. We shall not review the notion of crystals, but refer the reader to [9, 10,
13, 15]. For a subset J of I, let us denote by Uq(gJ ) the subalgebra of Uq(g) generated by
ej , fj (j ∈ J) and q(h) (h ∈ d
−1P ∗). We say that a crystal B over Uq(g) is a regular crystal
if, for any J⊂I of finite-dimensional type, B is, as a crystal over Uq(gJ), isomorphic to a
crystal base associated with an integrable Uq(gJ)-module.
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By [13], the Weyl group W acts on any regular crystal. This action S is given by
Ssib =
{
f˜
〈hi,wt(b)〉
i b if 〈hi,wt(b)〉 > 0,
e˜
−〈hi,wt(b)〉
i b if 〈hi,wt(b)〉 6 0.
Let us denote by U−q (g) (resp. U
+
q (g)) the subalgebra of Uq(g) generated by the fi’s
(resp. by the ei’s). Then U
−
q (g) has a crystal base denoted by B(∞) ([10]). A unique
vector of B(∞) with weight 0 is denoted by u∞. Similarly U
+
q (g) has a crystal base
denoted by B(−∞), and a unique vector of B(−∞) with weight 0 is denoted by u−∞.
Let ψ be the ring automorphism of Uq(g) that sends qs, ei, fi and q(h) to qs, fi, ei and
q(−h). It induces bijections U−q (g)
∼
−→U+q (g) and B(∞)
∼
−→B(−∞) by which u∞, e˜i, f˜i,
εi, ϕi, wt correspond to u−∞, f˜i, e˜i, ϕi, εi, −wt.
Let U˜q(g) be the modified quantized universal enveloping algebra ⊕λ∈PUq(g)aλ (see
[13]). The elements aλ, the projectors to the weight λ-space, satisfy aλ · aµ = δλ,µaλ and
aλP = Paλ−wt(P ) for P ∈ Uq(g).
Then U˜q(g) has a crystal base (L(U˜q(g)), B(U˜q(g))). As a crystal, B(U˜q(g)) is regular
and isomorphic to ⊔
λ∈P
B(∞)⊗ Tλ ⊗ B(−∞).
Here, Tλ is the crystal consisting of a single element tλ with εi(tλ) = ϕi(tλ) = −∞ and
wt(tλ) = λ.
Let ∗ be the anti-involution of Uq(g) that sends q(h) to q(−h), and qs, ei, fi to them-
selves. The involution ∗ of Uq(g) induces an involution ∗ on B(∞), B(−∞), B(U˜q(g)).
Then e˜∗i = ∗ ◦ e˜i ◦ ∗, etc. give another crystal structure on B(∞), B(−∞), B(U˜q(g)). We
call it the star crystal structure. These two crystal structures on B(U˜q(g)) are compat-
ible, and B(U˜q(g)) may be considered as a crystal over g ⊕ g, which corresponds to the
Uq(g)-bimodule structure on U˜q(g). Hence, for example, S
∗
w, the Weyl group action on
B(U˜q(g)) with respect to the star crystal structure is a crystal automorphism of B(U˜q(g))
with respect to the original crystal structure. In particular, the two Weyl group actions
Sw and S
∗
w′ commute with each other.
2.5. Global bases. Recall that A0 ⊂ K is the subring of K consisting of rational func-
tions in qs without pole at qs = 0. Let − be the automorphism of K sending qs to
qs
−1. Then A0 coincides with the ring A∞ of rational functions regular at qs = ∞. Set
A :=Q[qs, qs
−1]. Let V be a vector space over K, L0 an A-submodule of V , L∞ an A∞-
submodule, and VA a A-submodule. Set E := L0 ∩ L∞ ∩ VA.
Definition 2.3 ([10]). We say that (L0, L∞, VA) is balanced if each of L0, L∞ and VA
generates V as a K-vector space, and if one of the following equivalent conditions is
satisfied.
(i) E → L0/qsL0 is an isomorphism.
(ii) E → L∞/qs
−1L∞ is an isomorphism.
(iii) (L0 ∩ VA)⊕ (qs
−1L∞ ∩ VA)→ VA is an isomorphism.
(iv) A0 ⊗Q E → L0, A∞ ⊗Q E → L∞, A⊗Q E → VA and K ⊗Q E → V are isomor-
phisms.
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Let − be the ring automorphism of Uq(g) sending qs, q(h), ei, fi to qs
−1, q(−h), ei, fi.
Let Uq(g)A be the A-subalgebra of Uq(g) generated by e
(n)
i , f
(n)
i and q(h) (h ∈ d
−1P ∗).
Let M be a Uq(g)-module. Let − be an involution of M satisfying (au)
− = a¯u¯ for any
a ∈ Uq(g) and u ∈ M . We call in this paper such an involution a bar involution. Let
(L(M), B(M)) be a crystal base of an integrable Uq(g)-module M .
Let MA be a Uq(g)A-submodule of M such that
(MA)
− =MA, and (u− u) ∈ (qs − 1)MA for every u ∈MA.(2.21)
Definition 2.4. A Uq(g)-module M endowed with (L(M), B(M),MA,−) as above is
called with a global basis, if (L(M), L(M)−,MA) is balanced,
In such a case, let G : L(M)/qsL(M)
∼
−→E := L(M) ∩ L(M)− ∩MA be the inverse of
E
∼
−→L(M)/qsL(M). Then {G(b); b ∈ B(M)} forms a basis of M . We call this basis a
(lower) global basis. The global basis enjoys the following properties (see [10, 11]):
(i) G(b) = G(b) for any b ∈ B(M).
(ii) For any n ∈ Z>0, {G(b); εi(b) > n} is a basis of the A-submodule
∑
m>n f
(m)
i MA.
(iii) for any i ∈ I and b ∈ B(M), we have
fiG(b) = [1 + εi(b)]iG(f˜ib) +
∑
b′
F ib,b′G(b
′).
Here the sum ranges over b′ ∈ B(M) such that εi(b
′) > 1 + εi(b). The coefficient
F ib,b′ belongs to qsq
1−εi(b′)
i Q[qs]. Similarly for eiG(b).
Let M and N be Uq(g)-modules with global bases. We say that a Uq(g)-morphism
f : M → N is compatible with global bases if it satisfies the following conditions:
(i) If u is a global basis vector of M , then f(u) is a global basis vector of N or 0.
(ii) If a pair of global basis vectors u and v ofM satisfies f(u) = f(v) 6= 0, then u = v.
These conditions are equivalent to the following set of conditions:
(a) f commutes with the bar involutions.
(b) f sends L(M) to L(N) and MA to NA.
(c) The induced morphism f : L(M)/qsL(M)→ L(N)/qsL(N) sends B(M) to B(N)∪
{0}.
(d) Ker(f) is generated by a part of the global basis of M .
In such a case, f(M) has a global basis, and we have
B(M) ⊃ B(f(M)) ⊂ B(N).
If f is a monomorphism then B(M) ≃ B(f(M)) ⊂ B(N), and if f is an epimorphism
then B(M) ⊃ B(f(M)) ≃ B(N).
2.6. Extremal vectors. LetM be an integrable Uq(g)-module. A non-zero vector u ∈M
of weight λ ∈ P is called extremal (see [13]), if we can find a subset F of non-zero weight
vectors in M containing u and satisfying the following properties:
if v ∈ F and i satisfy 〈hi,wt(v)〉 > 0, then eiv = 0 and f
(〈hi,wt(v)〉)
i v ∈ F ,
if v ∈ F and i satisfy 〈hi,wt(v)〉 6 0, then fiv = 0 and e
(−〈hi,wt(v)〉)
i v ∈ F ,
(2.22)
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The Weyl group W acts on the set of extremal vectors by
if 〈hi,wt(u)〉 > 0, then S
norm
si
u = f
(〈hi,wt(u))
i u,
if 〈hi,wt(u)〉 6 0, then S
norm
si
u = e
(−〈hi,wt(u)〉)
i u.
(2.23)
We have wt(Snormw u) = wwt(u) for w ∈ W . Note that, by (2.7), S
norm
w u is equal to Swu
up to a non-zero constant multiple.
Similarly, for a vector b of a regular crystal B with weight λ, we say that b is an extremal
vector if it satisfies the following similar conditions:
if w ∈ W and i ∈ I satisfy 〈hi, wλ〉 > 0, then e˜iSwb = 0,
if w ∈ W and i ∈ I satisfy 〈hi, wλ〉 6 0 then f˜iSwb = 0.
(2.24)
For λ ∈ P , let us denote by V (λ) the Uq(g)-module generated by uλ with the defining
relation that uλ is an extremal vector of weight λ. This is in fact infinitely many linear
relations on uλ.
For a dominant weight λ, V (λ) is an irreducible highest weight module with highest
weight λ, and V (−λ) is an irreducible lowest weight module with lowest weight −λ.
We proved in [13] 1 that V (λ) has a global basis (L(λ), B(λ)). We denote by the same
letter uλ the element of B(λ) corresponding to uλ ∈ V (λ). Moreover Uq(g)aλ → V (λ)
(aλ 7→ uλ) is compatible with global bases. Hence the crystal B(λ) is isomorphic to the
subcrystal of B(∞) ⊗ tλ ⊗ B(−∞) consisting of vectors b such that b
∗ is an extremal
vector of weight −λ. By this embedding, uλ ∈ B(λ) corresponds to u∞ ⊗ tλ ⊗ u−∞.
Note that
U+q (g)uλ =
⊕
b∈B(λ)∩
(
u∞⊗tλ⊗B(−∞)
)KG(b).(2.25)
For any w ∈ W , uλ 7→ S
norm
w−1 uwλ gives an isomorphism of Uq(g)-modules:
V (λ)
∼
−→V (wλ).
This is compatible with global bases. Similarly, letting S∗w be the Weyl group action on
B(U˜q(g)) with respect to the star crystal structure and regarding B(λ) as a subcrystal of
B(U˜q(g)), S
∗
w : B(U˜q(g))
∼
−→B(U˜q(g)) induces an isomorphism of crystals
S∗w : B(λ)
∼
−→B(wλ).(2.26)
This coincides with the crystal isomorphism induced by V (λ)
∼
−→V (wλ). Note that we
have
SwS
∗
w(u∞ ⊗ tλ ⊗ u−∞) = u∞ ⊗ twλ ⊗ u−∞.
2.7. Global bases of tensor products. Let us recall the following results proved by
Lusztig ([19]). Let Oint be the category of integrable Uq(g)-modules which are a direct
sum of V (λ)’s (λ ∈ P+). Similarly let O−int be the category of integrable Uq(g)-modules
which are a direct sum of V (λ)’s (λ ∈ P−). Let M and N be Uq(g)-modules. Assume
1In [13], it is denoted by V max(λ), because I thought there would be a natural Uq(g)-module whose
crystal base is the connected component of B(λ).
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that M and N have bar involutions, and that either M ∈ Oint or N ∈ O
−
int. Then there
exists a unique bar involution on M ⊗N such that
(u⊗ v)− = u¯⊗ v¯ for every u ∈M and v ∈ N such that either u is a highest
weight vector or v is a lowest weight vector.
Assume further that M and N have a global basis. Then M ⊗ N has a crystal base
(L(M⊗N), B(M⊗N)) :=(L(M)⊗A0 L(N), B(M)⊗B(N)), and an A-form (M⊗N)A =
MA⊗ANA. Then M ⊗N has a global basis; namely (L(M ⊗N), L(M ⊗N)
−, (M⊗N)A)
is balanced. In particular, V (λ)⊗V (µ) has a global basis either if λ is dominant or if −µ
is dominant.
Let λ ∈ P . Then for any pair of dominant integral weights ξ and η such that λ = ξ−η,
Uq(g)aλ → V (ξ) ⊗ V (−η) (aλ 7→ uξ ⊗ u−η) is compatible with global bases. Conversely
the global basis of Uq(g)aλ is characterized by the above property.
Lemma 2.5. For λ ∈ P+ and µ ∈ P ,
Uq(g)aλ+µ → V (λ)⊗ Uq(g)aµ (aλ+µ 7→ uλ ⊗ aµ)(2.27)
is compatible with global bases.
Proof. For dominant integral weights ξ and η such that µ = ξ − η, we have a diagram of
morphisms compatible with crystal basses except the dotted arrow:
Uq(g)aλ+µ // //

V (λ+ ξ)⊗ V (−η)
 _

V (λ)⊗ Uq(g)aµ // // V (λ)⊗ V (ξ)⊗ V (−η)
Hence the dotted arrow is compatible with crystal bases. 
This morphism (2.27) induces an embedding of crystals
B(Uq(g)aλ+µ) →֒ B(λ)⊗ B(Uq(g)aµ) for λ ∈ P
+ and µ ∈ P .
There exists an embedding B(∞) →֒ B(λ) ⊗ B(∞) ⊗ T−λ, and the above morphism
coincides with the composition
B(Uq(g)aλ+µ) ≃ B(∞)⊗ Tλ+µ ⊗B(−∞) →֒ B(λ)⊗ B(∞)⊗ T−λ ⊗ Tλ+µ ⊗ B(−∞)
≃ B(λ)⊗ B(∞)⊗ Tµ ⊗ B(−∞) ≃ B(λ)⊗ B(Uq(g)aµ).
2.8. Demazure modules. Let M be an integrable Uq(g)-module with a global basis
(L(M),B(M),MA,−). Let N be a U
+
q (g)-submodule of M . We say that N is com-
patible with the global basis of M if there exists a subset B(N) of B(M) such that
N = ⊕b∈B(N)KG(b).
It is shown in [12] that
e˜iB(N) ⊂ B(N) ∪ {0}, and Uq(g)N = U
−
q (g)N is also compatible
with the global basis.
(2.28)
Namely there exists a subset B(Uq(g)N) of B(M) such that
Uq(g)N =
⊕
b∈B(Uq(g)N)
KG(b).
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Moreover we have
B(Uq(g)N) =
{
f˜i1 · · · f˜imb ;m > 0, i1, . . . im ∈ I, b ∈ B(N)
}
\ {0}.
For λ ∈ P , the U±q (g)-submodule U
±
q (g)uλ of V (λ) is compatible with the global basis
of V (λ) (see (2.25)).
We set
B±(λ) = B(U±(g)uλ).
Regarding B(λ) as a subset of B(Uq(g)aλ) = B(∞)⊗ tλ ⊗B(−∞), we have
B+(λ) = B(λ) ∩
(
u∞ ⊗ tλ ⊗ B(−∞)
)
and B−(λ) = B(λ) ∩
(
B(∞)⊗ tλ ⊗ u−∞
)
.
The subset B+(λ) satisfies the following properties.
Lemma 2.6. (i) e˜iB
+(λ) ⊂ B+(λ) ∪ {0}.
(ii) For any b ∈ B+(λ), if εi(b) > 0, then f˜ib ∈ B
+(λ) ∪ {0}. Or equivalently, for any
i-string S of B(λ), S ∩B+(λ) is either S itself, the empty set or the set consisting
of the highest weight vector of S. Here an i-string is a connected component with
respect to the crystal structure over Uq(g)i.
This is a consequence of the following lemma. Note that B(U+q (g)aλ) = u∞ ⊗ Tλ ⊗
B(−∞).
Lemma 2.7. (i) e˜iB(U
+
q (g)aλ) ⊂ B(U
+
q (g)aλ) ∪ {0}.
(ii) For any b ∈ B(U+q (g)aλ), if εi(b) > 0, then f˜ib ∈ B(U
+
q (g)aλ) ∪ {0}. Or equiv-
alently, for any i-string S of B(Uq(g)aλ), S ∩ B(U
+
q (g)aλ) is either S itself, the
empty set or the set consisting of the highest weight vector of S.
Proof. The first property is evident. In order to prove (ii), write b = u∞ ⊗ tλ ⊗ b
′ with
b′ ∈ B(−∞). Then εi(b) = max(0, εi(tλ ⊗ b
′)), and hence 0 = ϕi(u∞) < εi(tλ ⊗ b
′). We
have therefore f˜ib = u∞ ⊗ tλ ⊗ f˜ib
′. 
Similar results hold for B−(λ) and B(U−q (g)aλ).
Proposition 2.8. For β ∈ ∆re+ and λ ∈ P , assume (β, λ) > 0. Then we have
Ssβuλ ∈ U
−
q (g)uλ and Ssβuλ ∈ B
−(λ).
Proof. We shall argue by the induction of ht(β). Let us take i ∈ I such that 〈hi, β〉 > 0.
If β = αi then the assertion is trivial. Otherwise we have γ := si(β) ∈ ∆
re
+ . Since
(γ, siλ) = (β, λ) > 0, the induction hypothesis implies that
SsγSiuλ ∈ U
−
q (g)Siuλ.(2.29)
If 〈hi, λ〉 > 0, we have
Uq(g)
−uλ ⊃ Uq(g)
−Siuλ ⊃ Uq(g)
−SsγSiuλ = SiSsβuλ
Since Uq(g)
−uλ is an Uq(g)i-module, it contains Ssβuλ.
Now assume that 〈hi, λ〉 < 0. Then 〈hi, sβλ〉 = 〈hi, λ〉 − 〈β
∨, λ〉〈hi, β〉 < 0. By (2.29),
we have
SiSsβSi(u∞ ⊗ tsiλ ⊗ u−∞) = Ssγ(u∞ ⊗ tsiλ ⊗ u−∞)
∈ B(∞)⊗ tsiλ ⊗ u−∞.
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Hence applying S∗i we have
SiSsβ(u∞ ⊗ tλ ⊗ u−∞) ∈ S
∗
i (B(∞)⊗ tsiλ ⊗ u−∞),
or equivalently (here e˜∗i
maxb = e˜∗i
ε∗i (b)b and f˜i
maxb = f˜
ϕi(b)
i b)
Ssβ(u∞ ⊗ tλ ⊗ u−∞) ∈ SiS
∗
i
(
B(∞)⊗ tsiλ ⊗ u−∞
)
= f˜i
maxe˜∗i
max
(
B(∞)⊗ tsiλ ⊗ u−∞
)
= f˜i
max
( ⋃
n>0
B(∞)⊗ tλ ⊗ e˜
n
i u−∞
)
⊂ B(∞)⊗ tλ ⊗ u−∞.
The last inclusion follows from
f˜maxi (b1 ⊗ tλ ⊗ b2) = b
′
1 ⊗ tλ ⊗ f˜
max
i b2 for some b
′
1 ∈ B(∞).

2.9. Affine case. Until now, we have assumed that g is a symmetrizable Kac-Moody
algebra. From now on, we assume further that Uq(g) is a quantized affine algebra.
2.9.1. Extended Weyl groups. We take a weight lattice P of rank rk(g) + 1 and an inner
product on P as in [14]. We set t∗ = Q ⊗ P , which is canonically determined by the
Dynkin diagram.
Let us define δ ∈
∑
i Z>0αi and c ∈
∑
i Z>0hi by
{λ ∈
∑
i Zαi ; 〈hi, λ〉 = 0 for every i ∈ I} = Zδ,
{h ∈
∑
i Zhi ; 〈h, αi〉 = 0 for every i ∈ I} = Zc.
(2.30)
By the inner product of t∗, we sometimes identify t∗ and its dual. Note that the inner
product on t∗ is so normalized that δ and c correspond by this identification.
For α ∈ ∆re, we set cα := max(1, (α, α)/2) ∈ Z. Then we have
(α+ Zδ) ∩∆ = α + cαZ.
Let us denote by Pcl the quotient space P/(P∩Q δ), and let us denote by cl : P → Pcl the
canonical projection. Let us denote by P ∗cl the dual lattice of Pcl, i.e. P
∗
cl = Ker(δ : P
∗ →
Z) = (
∑
iQhi) ∩ P
∗.
Similarly to Pcl, we define t
∗
cl := t
∗/Q δ, and let cl : t∗ → t∗cl be the canonical projection.
Define t∗0 :=Ker(c : t∗ → Q), and t∗cl
0 = cl(t∗0). The dimension of t∗cl
0 is equal to rk(g)−1.
The inner product of t∗ induces a positive definite inner product on t∗cl
0.
Let us denote by O(t∗) the orthogonal group, and O(t∗)δ := {g ∈ O(t
∗) ; gδ = δ} the
isotropy subgroup at δ. Then there is an exact sequence
1 −−−→ t∗cl
0 t−−→ O(t∗)δ
cl0−−−→ O(t∗cl
0) −−−→ 1.
Here t : tcl
0 → O(t∗)δ is given by
t(cl(ξ))(λ) = λ+ (λ, δ)ξ − (λ, ξ)δ −
(ξ, ξ)
2
(λ, δ)δ for ξ ∈ t∗0 and λ ∈ t∗.
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Let us set Wcl = cl0(W ). Then Wcl is the Weyl group of the root system ∆cl := cl(∆
re) ⊂
t∗cl
0. We define the extended Weyl group W˜ by
W˜ := {w ∈ O(t∗)δ ; w∆ = ∆ and cl0(w) ∈ Wcl} .
Then we have a commutative diagram with the exact rows:
1 // Q˜ //
_

W //
_

Wcl // 1
1 // P˜
_

//
W˜
//
_

Wcl //
_

1
1 // t∗cl
0 t // O(t∗)δ
cl0 // O(t∗cl
0) // 1
Here P˜ and Q˜ are given by
P˜ = P 0cl ∩ P
∨
cl
0 and Q˜ = Qcl ∩Q
∨
cl,
where
P 0cl :=
{
λ ∈ t∗cl
0 ; 〈hi, λ〉 ∈ Z for every i ∈ I
}
,
P 0cl
∨ :=
{
λ ∈ t∗cl
0 ; (αi, λ) ∈ Z for every i ∈ I
}
,
Qcl :=
∑
i∈I
Z cl(αi),
Q∨cl :=
∑
i∈I
Z cl(hi).
The Weyl group W is a normal subgroup of W˜ , and W˜ is a semi-direct product of W and
Aut0(Dyn) := {ι ; ι is a Dynkin diagram automorphism such that cl0(ι) ∈ Wcl}.
P˜ /Q˜
∼
−→W˜/W
∼
−→Aut0(Dyn).
Remark 2.9. (i) If g is untwisted, then (α, α)/2 6 1 for every α ∈ ∆re and
P˜ = P 0cl
∨ ⊂ P 0cl, Q˜ = Q
∨
cl ⊂ Qcl.
(ii) If g is the dual of an untwisted affine algebra, then (α, α)/2 > 1 for every α ∈ ∆re
and
P˜ = P 0cl ⊂ P
0
cl
∨, Q˜ = Qcl ⊂ Q
∨
cl.
(iii) If g = A
(2)
2n , then we have (α, α)/2 = 1/2, 1 or 2, and
P˜ = Q˜ = P 0cl = P
0
cl
∨ = Qcl = Q
∨
cl =
∑
α∈∆re
Z cl(α) =
∑
α∈∆re, (α,α)/2=1
Z cl(α).
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2.9.2. Peter-Weyl theorem. Let us recall some of the results by Nakajima and Beck-
Nakajima.
The following theorem is conjectured in [14] by the author and proved in [2] by Beck-
Nakajima.
Theorem 2.10 (a version of Peter-Weyl theorem).
B(U˜q(g)) ≃
(⊔
λ∈P
B(λ)×B0(−λ)
)
/W.
Here B0(λ) is the connected component of B(λ) containing uλ. Note that B0(λ) = B(λ)
when the level of λ does not vanish. The Weyl group acts on
⊔
λ∈P B(λ) × B0(−λ) by
W ∋ w : B(λ) × B0(−λ) → B(wλ) × B0(−wλ) via the action given in (2.26). The left
crystal structure (e˜i, f˜i) on B(U˜q(g)) is compatible with the crystal structure of B(λ),
the first factor of B(λ)× B0(−λ), and the right crystal structure (e˜
∗
i , f˜
∗
i ) on B(U˜q(g)) is
compatible with the crystal structure of B0(−λ), the second factor of B(λ)× B0(−λ).
For λ ∈ P , there exists a unique symmetric bilinear form (·, ·) on V (λ) that satisfies:
(uλ, G(b)) = δb,uλ for every b ∈ B(λ),
(eiu, v) = (u, fiv) for every u, v ∈ V (λ),
(q(h)u, v) = (u, q(h)v) for every u, v ∈ V (λ) and h ∈ d−1P ∗.
The following theorem is trivial for non-zero level case, and proved in [21, 2] by Nakajima
and Beck-Nakajima for the zero level case.
Theorem 2.11. (i) This symmetric bilinear form on V (λ) is non-degenerate.
(ii) (G(b), G(b′)) ∈ q(µ,µ)−(λ,λ)(δb,b′ + qsA0) for any µ ∈ P and b, b
′ ∈ B(λ)µ.
(iii) For b, b′ ∈ B(λ)λ, we have (G(b), G(b
′)) = δb,b′.
In particular if v is a non-zero vector of V (λ), then there exists P ∈ Uq(g) such that
(uλ, P v) does not vanish. Note that (uλ, P v) coincides with the coefficient of uλ when we
write Pv as a linear combination of the global basis.
Conjecture 2.12. Theorem 2.11 holds for an arbitrary symmetrizable Kac-Moody Lie
algebra g.
3. Extremal vectors
We assume that Uq(g) is a quantized affine algebra. Let M be an integrable Uq(g)-
module with a global basis. Let N be a U+q (g)-submodule of M compatible with the
global basis of M . Then, for λ ∈ P+, uλ ⊗ N is also a U
+
q (g)-submodule of V (λ) ⊗M
compatible with the global basis. Hence Uq(g)(uλ⊗N) is a Uq(g)-module compatible with
the global basis of V (λ)⊗M .
Proposition 3.1. Assume that for any b ∈ B(N) if εi(b) > 0, then f˜ib ∈ B(N)∪{0}. Or
equivalently, for any i-string S of B(M), S ∩B(N) is either S itself, the empty set or the
set consisting of the highest weight vector of S. Assume further that fiN ⊂ N whenever
〈hi, λ〉 = 0. Then we have
Uq(g)(uλ ⊗N) ∩ uλ ⊗M = uλ ⊗N.
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Proof. It is enough to show that
B(Uq(g)(uλ ⊗N)) ∩ uλ ⊗ B(M) = uλ ⊗B(N).
We have
B(Uq(g)(uλ ⊗N)) =
{
f˜i1 · · · f˜imb ;m > 0, i1, . . . im ∈ I, b ∈ uλ ⊗B(N)
}
\ {0}.
Hence it is enough to show that, for b ∈ B(N) such that f˜i(uλ ⊗ b) = uλ ⊗ f˜ib, we
have f˜ib ∈ B(N) ∪ {0}. Since f˜i(uλ ⊗ b) = uλ ⊗ f˜ib if and only if 〈hi, λ〉 6 εi(b), and
f˜iB(N) ⊂ B(N) ∪ {0} if 〈hi, λ〉 = 0, the assertion follows. 
Corollary 3.2. For λ ∈ P+ and µ ∈ P such that 〈hi, µ〉 6 0 whenever 〈hi, λ〉 = 0, we
have
Uq(g)(uλ ⊗ uµ) ∩ uλ ⊗ V (µ) = uλ ⊗ U
+
q (g)uµ,
and
B
(
Uq(g)(uλ ⊗ uµ)
)
∩ uλ ⊗ B(µ) = uλ ⊗B
+(µ).
Indeed, Lemma 2.6 allows us to apply the proposition above to M = V (µ) and N =
U+q (g)uµ.
Let λ ∈ P+ be a dominant integral weight and µ ∈ P an integral weight. Then we have
a chain of morphisms compatible with global bases
Uq(g)aλ+µ → V (λ)⊗ Uq(g)aµ → V (λ)⊗ V (µ).
Theorem 3.3. Let λ ∈ P+ be a dominant integral weight and µ ∈ P an integral weight.
Then there exist a unique homomorphism Uq(g)(uλ⊗ uµ)→ V (λ+ µ) that sends uλ ⊗ uµ
to uλ+µ. Moreover this morphism is compatible with global bases.
Proof. We have a commutative diagram
Uq(g)aλ+µ // //
(( ((PP
P
P
P
P
P
P
P
P
P
P
Uq(g)(uλ ⊗ uµ)
  //

V (λ)⊗ V (µ)
V (λ+ µ)
All the solid arrows are compatible with global bases. Hence, in order to show the theorem,
it is enough to show the existence of the dotted arrow.
Correspondingly, we obtain the following diagram of crystal bases.
B(Uq(g)aλ+µ) B(
(
Uq(g)(uλ ⊗ uµ)
)
? _oo
B(λ+ µ)
6 V
iiS
S
S
S
S
S
S
S
S
S
S
S
S
S
S
Let G(b) ∈ Uq(g)aλ+µ be the global basis vector corresponding to b ∈ B(Uq(g)aλ+µ). Then
b ∈ B(λ + µ) means that G(b)uλ+µ 6= 0 (we regard V (λ + µ) as an U˜q(g)-module), and
b ∈ B
(
Uq(g)(uλ ⊗ uµ)
)
means G(b)(uλ ⊗ uµ) 6= 0.
Hence we have reduced the problem to the following proposition:
B(λ+ µ) ⊂ B
(
Uq(g)(uλ ⊗ uµ)
)
as subsets of B(Uq(g)aλ+µ).
Taking b ∈ B(λ+ µ) ⊂ B(Uq(g)aλ+µ), let us show that b ∈ B
(
Uq(g)(uλ ⊗ uµ)
)
.
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Since G(b)uλ+µ 6= 0, Theorem 2.11 implies that there exists P ∈ Uq(g) such that, when
we write PG(b)uλ+µ as a linear combinations of the global basis of V (λ+µ), the coefficient
of uλ+µ does not vanish. Hence, if we write PG(b) as a linear combinations of the global
basis of Uq(g)aλ+µ the coefficient of aλ+µ does not vanish. Hence PG(b)(uλ ⊗ uµ) as a
linear combinations of the global basis of V (λ)⊗ V (µ) the coefficient of uλ⊗ uµ does not
vanish. We conclude then that PG(b)(uλ ⊗ uµ) 6= 0. Hence b ∈ B
(
Uq(g)(uλ ⊗ uµ)
)
. 
Remark 3.4. Theorem 3.3 holds also for any finite-dimensional g, because Theorem 2.11
trivially holds in such a case.
Corollary 3.5. If λ ∈ P+ and µ ∈ P , then uλ⊗uµ ∈ B(λ)⊗B(µ) is an extremal vector,
and we have an inclusion B(λ+ µ) ⊂ B(λ)⊗ B(µ) as subsets of B(λ)⊗ B(Uq(g)aµ).
Note that the first statement holds for an arbitrary Kac-Moody Lie algebra.
4. Fundamental representations
Write the smallest positive imaginary root δ and the smallest positive imaginary coroot
c as
δ =
∑
i
aiαi, c =
∑
i
a∨i hi.
Then we have
a∨i =
(αi, αi)
2
ai.
We choose 0 ∈ I such that
(i) Setting I0 = {i ∈ I ; i 6= 0} and W0 := 〈si ; i ∈ I0〉 ⊂ W , the composition W0 →֒
W
cl0−−→Wcl is an isomorphism.
(ii) a0 = 1.
Such a 0 exists and is unique up to a Dynkin diagram automorphism.
If g = A
(2)
2n , α0 is the longest simple root and a
∨
0 = 2.
g = A
(2)
2n
0 1 2
✐ ✐ ✐> · · · · · ·
n-2 n-1 n
✐ ✐ ✐> A
(2)
2
✐ ✐>
0 1
δ = α0 + 2(α1 + · · ·+ αn),
c = 2(h0 + · · ·+ hn−1) + hn.
(α0, α0) = 4, (αn, αn) = 1, (αi, αi) = 2 for 0 < i < n
Figure 1. g = A
(2)
2n
If g is not of type A
(2)
2n , then a
∨
0 = 1. Note that δ − α0 ∈ ∆
re if g is not of type A
(2)
2n ,
and (δ − α0)/2 ∈ ∆
re if g is of type A
(2)
2n . Hence one has always sδ−α0 ∈ W .
Let us denote by Uq(g0) the subalgebra of Uq(g) generated by ei, fi (i ∈ I0). This is
the quantized universal enveloping algebra associated with a finite-dimensional simple Lie
algebra.
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Let ̟k be a fundamental weight of level 0. That is, {̟k}k∈I0 is a set of vectors such
that 〈hj, ̟k〉 = 0 for j ∈ I0 with j 6= k, and
P 0cl
+ := {λ ∈ t∗cl ; 〈c, λ〉 = 0 and 〈hi, λ〉 ∈ Z>0 for every i ∈ I0}
=
∑
k∈I0
Z>0̟k.
A fundamental weight of level 0 is unique up to Q δ. We can take
̟k =
Λk − a
∨
kΛ0 when a
∨
0 = 1,
2
(αk, αk)
Λk − Λ0 when g = A
(2)
2n .
(4.1)
Here Λk is a vector in P satisfying 〈hi,Λk〉 = δik for i ∈ I.
Let k ∈ I \ {0}. Set ck = max(1, (αk, αk)/2) ∈ Z. Then we have
{n ∈ Z ; αk + nδ ∈ ∆} = Zck,
and
W̟k ∩ (̟k + Zδ) = ̟k + Zckδ.
We have ̟k + nδ ∈Wt(V (̟k)) if and only if n ∈ ckZ.
For any ξ = wλ ∈ Wλ, we use the notation uξ for the extremal vector S
norm
w uλ ∈ V (λ).
Note that Snormw uλ is a unique global basis vector of weight ξ.
We denote by U ′q(g) the subalgebra of Uq(g) generated by ei, fi (i ∈ I) and q(h)
(h ∈ d−1P ∗cl ⊂ d
−1P ∗).
Then there exists a unique U ′q(g)-morphism zk : V (̟k) → V (̟k) sending u̟k to
u̟k+ckδ. The operator zk has weight ckδ. The global basis of V (̟k) is stable by zk.
We have
zkuξ = uξ+ckδ for every ξ ∈ W · λ.
The quotient W (̟k) := V (̟k)/(zk − 1)V (̟k) is an irreducible U
′
q(g)-module with a
global basis. The morphism V (̟k) ։ W (̟k) sends the members of the global basis of
V (̟k) to the one of W (̟k).
In this section, we set
λ :=̟k, µ := w0̟k where w0 be the longest element of W0.(4.2)
Then µ ≡ −̟k′ mod Zδ for some k
′ ∈ I0.
Then Uq(g0)uλ = Uq(g0)uµ is an irreducible Uq(g0)-module with highest weight λ and
lowest weight µ. Note that U+q (g)uµ is a Uq(g0)-module. We have
uξ ∈ U
+
q (g)uµ for any ξ ∈ W0 · λ = W · λ ∩ (λ+
∑
i∈I0
Zαi).
Lemma 4.1. zkuµ ∈ U
+
q (g)uµ.
Proof. Assume a∨0 = 1. Then we have α˜k′ := ckα
∨
k′ ∈ Q˜ and t(α˜k′)(µ) = µ + ckδ. Hence
zkuµ = S
norm
t(α˜k′ )
uµ. Since we have ckδ − αk′ ∈ ∆
re
+ , t(α˜k′) = sckδ−αk′ sαk′ , and (αk′, µ) =
(ckδ − αk′, sk′µ) < 0, Proposition 2.8 implies that S
norm
t(α˜k′ )
uµ ∈ U
+
q (g)uµ.
Now assume that g = A
(2)
2n . Then t(−α0/2)µ = µ+ δ and t(−α0/2) = sα0s(δ−α0)/2, and
(δ − α0, µ) = (α0, s(δ−α0)/2µ) < 0. Note that (δ − α0)/2 ∈ ∆
re
+ . Hence Proposition 2.8
implies that Snormt(α˜0)uµ ∈ U
+
q (g)uµ. 
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Lemma 4.2. (i) B+(µ) \ zkB
+(µ) ≃ B(W (λ)) as a crystal over g0.
(ii) U+q (g)uµ/U
+
q (g)zkuµ is isomorphic to W (λ) as a Uq(g0)-module
Proof. The crystal B+(µ) is a regular crystal over g0. The crystal B
+(µ) is invariant
by zk, and
⋃
n∈Z
znkB
+(µ) = B(µ),
⋂
n∈Z
znkB
+(µ) = ∅. On the other hand, the crystal
B(W (λ)) is isomorphic to the quotient of B(µ) by the action of Z given by zk. Hence
B+(µ) \ zkB
+(µ)→ B(W (λ)) is bijective. (ii) follows from (i). 
Lemma 4.3. Assume that 〈h0, λ〉 = −1 (i.e. a
∨
k = 1 or g = A
(2)
2n ).
(i) ck = 1.
(ii) W (λ) is an irreducible Uq(g0)-module.
Proof. (i) if g = A
(2)
2n , then (αk, αk)/2 6 1 for k 6= 0, and hence ck = 1. If a
∨
k = 1, then
1 = a∨k =
(αk, αk)
2
ak >
(αk, αk)
2
, and hence ck = 1.
(ii) By Lemma 4.2, it is enough to show that N := U+q (g)uµ/U
+
q (g)zkuµ is irreducble
as a Uq(g0)-module. Note that e0uλ = usoλ = uλ+δ = zkuλ ∈ U
+
q (g)zkuµ and eiuλ = 0
for i 6= 0. Since U+q (g)uµ = U
+
q (g)Uq(g0)uλ = Uq(g0)U
+
q (g)uλ, we have N = Uq(g0)uλ
mod zkU
+
q (g)uµ. 
Two vectors uΛ0⊗uλ and uΛ0⊗uµ are extremal vectors in the same connected component
of B(Λ0)⊗B(λ). Since the level of Λ0+µ is equal to one, there exists a unique dominant
weight ξ0 of level one such that ξ0 ∈ W · (Λ0 + λ) = W · (Λ0 + µ). By Corollary 3.5, the
connected component of B(Λ0) ⊗ B(λ) containing uΛ0 ⊗ uλ is isomorphic to B(ξ0). Set
M = V (Λ0)⊗ V (µ) and Mn = Uq(g)(uΛ0 ⊗ z
n
kuλ) = Uq(g)(uΛ0 ⊗ z
n
kuµ) ⊂ M . Note that
Corollary 3.2 implies
Mn ∩
(
uΛ0 ⊗ V (λ)
)
= uΛ0 ⊗ U
+
q (g)z
n
kuµ.
Lemma 4.4. (i) Mn+1 ⊂Mn.
(ii) M =
⋃
n∈ZMn.
(iii)
⋂
n∈ZMn = 0.
Proof. (i) is obvious. Since W (µ) is generated by uµ as an U
+
q (g)-module (by [1, Propo-
sition 1.16]), we have V (µ) = ∪nU
+
q (g)z
n
kuµ, which implies (ii).
In order to prove (iii), it is enough to show that ∩nB(Mn) = ∅. Any vector b ∈ ∩nB(Mn)
is connected with a vector in uΛ0 ⊗B(µ). Since B(Mn)∩
(
uΛ0 ⊗B(µ)
)
= uΛ0 ⊗ z
n
kB
+(µ),
the result follows from ∩nz
n
kB
+(µ) = ∅, which is an immediate consequence of ∩n(µ +
nδ +Q+) = ∅. 
Lemma 4.5. B(M0) \B(M1) ≃ B(Λ0)⊗ B(W (λ)).
The proof is similar to the one of Lemma 4.2.
Proposition 4.6. (i) The vector uΛ0 ⊗ uλ+nckδ, regarded as a vector of Mn/Mn+1, is
an extremal vector.
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(ii)
ξ0 ≡

Λk if 〈h0, λ〉 = −1, i.e. a
∨
k = 1 or g = A
(2)
2n ,
ι−1(Λ0)
if a∨0 = 1,
(αk, αk)
2
> 1, and ι is the Dynkin diagram auto-
morphism such that t(λ) ∈ Wι,
Λ4 if g = F
(1)
4 and k = 3,
mod Q δ. For the last case, see Figure 2 in the proof.
Proof. We may assume that n = 0. If uΛ0 ⊗ uλ ∈ M1, then uλ ∈ U
+
q (g)zkuµ, which is a
contradiction. Hence uΛ0 ⊗ uλ mod M1 is a non-zero vector.
We divide the proof into three cases.
Case 1) a∨k = 1 or g = A
(2)
2n
In this case 〈h0, λ〉 = −1 and ck = 1 by Lemma 4.3. We shall show that uΛ0 ⊗ uλ
is a highest weight vector of M0/M1 We have ei(uΛ0 ⊗ uλ) = 0 for i 6= 0. We have
e0(uΛ0 ⊗ uλ) = uΛ0 ⊗ e0uλ, and e0uλ = S0uλ = usα0−δλ+δ = zkusα0−δλ ∈ zkU
+
q (g)uµ.
Case 2) a∨0 = 1 and
(αk, αk)
2
> 1
We have λ ∈ P˜ and hence t(λ) ∈ W˜ . We have then t(−λ)(Λ0 + λ) ≡ Λ0 mod Zδ.
Hence if we write t(λ) = wι with w ∈ W and a Dynkin diagram automorphism ι, then
we have ξ0 = w
−1(Λ0 + λ) = ι
−1t(−λ)(Λ0 + λ) ≡ ι
−1(Λ0) mod Q δ.
Set v = S−1t(λ)(uΛ0 ⊗ uλ). Here we regard Sι−1 as an isomorphism V (Λ0) ⊗ V (λ) →
V (ι−1Λ0) ⊗ V (ι
−1λ) such that Sι−1(au) = ι
−1(a)Sι−1(u) for a ∈ Uq(g) and u ∈ V (Λ0) ⊗
V (λ). Hence, v is regarded as a vector in V (ι−1Λ0) ⊗ V (ι
−1λ). We shall show that
eiv ∈ Sι−1M1 for every i ∈ I.
(i) i 6= 0, k
In this case t(λ)αi = αi holds. Hence we have Tt(λ)ei = ei, and
St(λ)eiv = (Tt(λ)ei)(uΛ0 ⊗ uλ) = ei(uΛ0 ⊗ uλ) = 0.
(ii) i = k
Since 〈hk,wt(v)〉 = 0, it is enough to show that ekS
−1
k S
−1
t(λ)(uΛ0 ⊗ uλ) ∈ Sι−1M1.
This is equivalent to saying that (Tt(λ)skek)(uΛ0⊗uλ) ∈M1. Since t(λ)skαk = ckδ−
αk ∈ ∆
+, we have Tt(λ)skek ∈ U
+
q (g) and (Tt(λ)skek)(uΛ0⊗uλ) = uΛ0⊗(Tt(λ)skek)uλ.
The last factor is calculated as (Tt(λ)skek)uλ = St(λ)skekS
−1
t(λ)sk
uλ = St(λ)skekuskt(−λ)λ
up to a non-zero constant multiple. Since we have 〈hk, skt(−λ)λ〉 = −〈hk, λ〉 = −1,
we obtain ekuskt(−λ)λ = ut(−λ)λ. Thus we obtain (Tt(λ)skek)uλ = St(λ)skut(−λ)λ =
ut(λ)skt(−λ)λ up to a non-zero constant multiple. Since t(λ)skt(−λ)λ = st(λ)αkλ =
sαk−ckδλ = skλ + ckδ, we have
ut(λ)skt(−λ)λ = uskλ+ckδ = zkuskλ ∈ zkU
+
q (g)uµ.
(iii) i = 0
Let us first show that
v = S−1t(wλ)(uΛ0 ⊗ uwλ) up to a non-zero constant multiple for every w ∈ W0,
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by the induction of the length of w. Assuming that the assertion is true, we shall
show that it is true for siw for i ∈ I0. According that sit(wλ) ≷ t(wλ), we have
St(siwλ) = S
±
i St(wλ)S
∓
i . Hence we have
S−1t(siwλ)(uΛ0 ⊗ usiwλ) = S
±
i S
−1
t(wλ)S
∓
i (uΛ0 ⊗ usiwλ)
= S±i S
−1
t(wλ)(uΛ0 ⊗ uwλ) = S
±
i v = v
up to a non-zero constant multiple.
Now we divide the proof into two cases.
(a) (αk, αk)/2 = 1
In this case, ck = 1. There exists w ∈ W0 such that
w−1α0 ≡ −αk mod Zδ.
Hence we have 〈h0, wλ〉 = −1, which implies that t(wλ)α0 = α0 + δ and
(t(wλ)α0, wλ) = −1. Then we have
St(wλ)e0v = St(wλ)e0S
−1
t(wλ)(uΛ0 ⊗ uwλ)
= uΛ0 ⊗ St(wλ)e0S
−1
t(wλ)uwλ
= uΛ0 ⊗ St(wλ)S0S
−1
t(wλ)uwλ
= uΛ0 ⊗ Sα0+δuwλ
= uΛ0 ⊗ usα0+δwλ.
On the other hand, we have
sα0+δwλ = wλ− (α0 + δ, wλ)(α0 + δ)
= wλ− (α0 − δ, wλ)(α0 − δ) + 2δ
= sδ−α0wλ+ 2δ.
This implies that
usα0+δwλ = z
2
kusδ−α0wλ ∈ zkU
+
q (g)uµ.
Hence e0(uΛ0 ⊗ uλ) ∈ S
−1
t(wλ)M1 = Sι−1M1.
(b) (αk, αk)/2 > 1
In this case, by the classification of affine Dynkin diagrams, there exists i 6=
0, k such that (αi, αi)/2 = 1. Let us take w ∈ W0 such that w
−1α0 ≡ αi
mod Zδ. Hence (w−1α0.λ) = 0, which implies t(wλ)α0 = α0. Hence we have
St(wλ)e0S
−1
t(wλ) = e0 and
St(wλ)e0v = St(wλ)e0S
−1
t(wλ)(uΛ0 ⊗ uwλ)
= uΛ0 ⊗ e0uwλ.
Since wλ+ α0 ∈ w(λ+ αi) + Zδ is not a weight of V (λ), e0uwλ must vanish.
Case 3) the remaining case (i.e. a∨0 = 1, a
∨
k > 1 and (αk, αk)/2 < 1)
By the classification of affine Dynkin diagrams, there is only one remaining case, namely
g = F
(1)
4 and k = 3:
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0 1 2 3 4
✐ ✐ ✐ ② ✐>
δ = α0 + 2α1 + 3α2 + 4α3 + 2α4,
c = h0 + 2h1 + 3h2 + 2h3 + h4,
Figure 2. g = F
(1)
4
We have in this case c3 = 1, λ = Λ3 − 2Λ0 and µ = λ− 4α1 − 8α2 − 12α3 − 6α4.
We have
s4s3s2s1s0(Λ0 + λ) = Λ0 + λ+ α0 + α1 + α2 + α4 + α4 ≡ Λ4 mod Zδ.
Set x = s0s1s2s3s4 and v = S
−1
x (uΛ0 ⊗ uλ). Let us show that v is a highest weight vector
of M0/M1, i.e. eiv ∈M1 for i ∈ I.
(1) i = 0
Since xα0 = α1, we have Sxe0v = (Txe0)(uΛ0 ⊗ uλ) = e1(uΛ0 ⊗ uλ) = 0.
(2) i = 1
Since xα1 = α2, we can conclude e1v = 0 by the same argument as above.
(3) i = 2
We have xα2 = α0 + α1 + α2 + 2α3. Hence we have
Sxe2v = Sxe2S
−1
x (uΛ0 ⊗ uλ)
= uΛ0 ⊗ (Sxe2S
−1
x uλ),
and since 〈xh2, λ〉 = −1, we have
Sxe2S
−1
x uλ = SxS2S
−1
x uλ = usxα2λ
= uλ+α0+α1+α2+2α3
= uλ+δ−α1−2α2−2α3−2α4
= zkuλ−α1−2α2−2α3−2α4 ∈ zkU
+
q (g)uµ.
This implies that e2v ∈M1.
(4) i = 3
e3v = 0 follows from xα3 = α4.
(5) i = 4
We have seen that v ∈M0/M1 is invariant by S2 and S3. Hence it is enough to
show that e4S
−1
3 S
−1
2 v = 0. Since xs2s3α4 = α3, we have
Sxs2s3e4S
−1
3 S
−1
2 v = (Txs2s3e4)(uΛ0 ⊗ uλ) = e3(uΛ0 ⊗ uλ) = 0.

Theorem 4.7.
Uq(g)(uΛ0 ⊗ uλ)/Uq(g)(uΛ0 ⊗ uλ+ckδ) ≃ V (Λ0 + λ).
By this isomorphism, uΛ0 ⊗ uλ corresponds to uΛ0+λ.
Proof. By the preceding proposition, there exists a morphism g : V (Λ0 + λ) → M0/M1,
sending uΛ0+λ to uΛ0⊗uλ mod M1. On the other hand, Theorem 3.3 implies the existence
of a morphism ψ : M0 → V (Λ0 + λ). Since Λ0 + λ + ckδ is not a weight of V (Λ0 + λ),
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ψ factors through M0/M1 and thus we obtain a morphism M0/M1 → V (Λ0 + λ) sending
uΛ0 ⊗ uλ to uΛ0+λ. Obviously it is an inverse of g. 
Note that the theorem holds if we replace λ with µ.
Corollary 4.8. uΛ0 ⊗
(
B+(µ) \ B+(µ + ckδ)
)
≃ B+(Λ0 + µ). In particular B(W (λ)) ≃
B+(Λ0 + µ) as a crystal over g0.
Proof. By the preceding theorem, we have
U+q (g)uΛ0+µ ≃ U
+
q (g)(uΛ0 ⊗ uµ)/
(
Uq(g)(uΛ0 ⊗ uµ+ckδ) ∩ U
+
q (g)(uΛ0 ⊗ uµ)
)
On the other hand, Corollary 3.2 implies that Uq(g)(uΛ0 ⊗ uµ+ckδ) ∩ U
+
q (g)(uΛ0 ⊗ uµ) ⊂
Uq(g)(uΛ0 ⊗ uµ+ckδ) ∩ uΛ0 ⊗ V (µ) = uΛ0 ⊗ U
+
q (g)uµ+ckδ, which implies that Uq(g)(uΛ0 ⊗
uµ+ckδ) ∩ U
+
q (g)(uΛ0 ⊗ uµ) = uΛ0 ⊗ U
+
q (g)uµ+ckδ. Hence we have
U+q (g)uΛ0+µ ≃
(
uΛ0 ⊗ U
+
q (g)uµ
)
/
(
uΛ0 ⊗ U
+
q (g)uµ+ckδ
)
.
Thus we obtain the desired result. 
Lemma 4.5 and Theorem 4.7 imply the following result.
Corollary 4.9. B(Λ0)⊗ B(W (λ)) ≃ B(Λ0 + λ).
Corollary 4.10. There exists a unique vector b ∈ B(W (λ)) such that εi(b) 6 δi,0,
Proof. The condition is equivalent to saying that uΛ0⊗b is a highest weight vector, and the
preceding corollary implies that B(Λ0)⊗B(W (λ)) has a unique highest weight vector. 
Corollary 4.11. (i) If b ∈ B(µ) satisfies wt(b) 6∈ ξ0−Λ0−ckδ+Q−, then b ∈ B
+(µ).
(ii) If an integral weight η satisfies η 6∈ ξ0−Λ0− ckδ+Q−, then V (λ)η = (U
+
q (g)uµ)η.
Proof. There exist b′ ∈ B+(µ) \ B(µ + ckδ) and n ∈ Z such that b = z
n
k b
′. By Corlollary
4.8, we have wt(uΛ0 ⊗ b
′) = Λ0 + wt(b)− nckδ ∈ ξ0 + Q−. Hence the assumption implies
n > 0. Thus we conclude (i), and (ii) follows from (i). 
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